Interaction of barotropic tides with subsurface topography is vital to ocean mixing. Yet the behavior of largeamplitude, nonlinear, internal solitary waves (ISWs) that can cause strong mixing remains poorly understood, especially that of higher-mode and multimodal internal waves. Therefore, a 2.5-dimensional, nonhydrostatic model with adjustable vertical resolution was developed to investigate effects of upper-ocean stratification on tidally induced multimodal internal waves and to show how they are generated by the subcritical ridge where only upward-propagating internal wave beams (IWBs) are present. The effects of the stratification on properties and characteristics of the excited IWBs and on the energy partition of the radiated mode-1 and mode-2 internal waves were investigated based on the model results. Higher modes of internal waves can also be effectively generated in the IWBs by the subcritical topography, and the contribution to IWBs from higher modes increases with the upper-ocean stratification. Mode-2 ISWs can be excited from the IWBs if both the tidal Froude number Fr 0 2 5 U 0 /c 2 and the contribution to IWBs from mode-2 waves are sufficiently high (U 0 is the tidal current speed, and c 2 is the phase speed of mode-2 waves). In a moderately stratified upper ocean, both mode-1 and mode-2 ISWs can be produced, but for weak (strong) stratification, only mode-1 (mode-2) ISWs are generated. Further, it is found that the distance between two successive mode-1 or mode-2 ISW trains increases linearly with the upper-ocean stratification. The ratio of the kinetic energy to the available potential energy for the mode-2 ISWs increases with the upper-ocean stratification in a strongly stratified ocean.
Introduction a. Scope
Ocean stratification greatly influences the dynamical properties of internal tides, including their expressions in the surface elevation (Hall et al. 2013; Colosi and Munk 2006) . In particular, the generation and propagation of internal wave beams (IWBs) and internal solitary waves (ISWs) are affected by stratification. But the role of stratification on the generation and energy partition of IWBs and multimodal ISWs remains poorly understood. Here, we use a 2.5-dimensional (2.5D), nonhydrostatic model to analyze stratification effects on tidally induced multimodal ISWs and to show how multimodal internal waves can be generated by subcritical topography where only upward-propagating IWBs are present.
The issues analyzed in this paper are as follows: First, we clarify how upper-ocean stratification affects the components and propagation routes of tidally induced IWBs radiated from a subcritical topography. When these upward-propagating IWBs impinge on the pycnocline, ISWs may evolve from the IWBs, depending on the tidal Froude number (the ratio of tidal current speed to the phase speed of multimodal internal waves). Then we elucidate how the upper-ocean stratification affects characteristics and energy partition of multimodal internal waves. Finally, we determine internal wave sensitivity to other important background parameters, including tidal amplitude, topographic slope, and depth of the pycnocline.
b. Background
ISWs are common phenomena in the oceans. Numerous in situ and remote sensing observations provide evidence of mode-1 ISWs (Osborne and Burch 1980; Jackson 2004; Cai et al. 2012 ) because they can be easily captured by using oceanographic instruments and remote sensing images. Mode-2 ISWs are occasionally observed (Akylas and Grimshaw 1992; Bogucki et al. 2005; Yang et al. 2009; Shroyer et al. 2010) . Shroyer et al. (2010) showed that mode-2 ISWs have important impacts on the coastal environment and vertical fluxes of heat and nutrients, although they carry much less baroclinic energy than mode-1 ISWs.
Several generation mechanisms for mode-2 ISWs have been identified. For example, Helfrich and Melville (1986) , Vlasenko and Alpers (2005) , and Liu et al. (2013) suggested that mode-2 ISWs can emerge after mode-1 ISWs pass over a continental slope or a ridge. Stastna and Peltier (2005) found that mode-2 ISWs could be generated by resonant interaction of a depth-independent velocity field with topography, for example, by the interaction of the barotropic tide with a ridge (Vlasenko and Alpers 2005; Xie et al. 2010; Ramp et al. 2012) . Laboratory studies by Mercier et al. (2012) showed that mode-2 ISWs can also occur as harmonics (e.g., at twice the forcing frequency).
Another characteristic of mode-2 ISWs is that they are usually followed by an oscillatory wave tail that consists of a series of short, linear, mode-1 waves (Farmer and Smith 1980; Akylas and Grimshaw 1992; Vlasenko et al. 2010) . Conversely, some studies indicated that mode-2 ISWs can appear behind mode-1 internal waves (Vlasenko et al. 2005; Yang et al. 2009) or in isolation under certain stratification conditions (Vlasenko and Alpers 2005; Yang et al. 2009; Xie et al. 2010) .
Three parameters are likely significant to the analysis of the tidally induced internal waves. The first, Fr 0 n , is a tidal Froude number that describes the background forcing field relative to a mode-n wave; it is defined (Vlasenko et al. 2005; Kang 2010) as the ratio of the barotropic tidal current speed U 0 to the phase velocity of the mode-n internal waves c n :
When Fr 0 n ( 1, linear theory is valid for analyzing the internal waves; c n is calculated under a hydrostatic assumption (below). At intermediate Froude numbers (Fr 0 n ; 1), nonlinearity becomes significant and nonlinear internal wave bores, weak unsteady lee waves, and ISWs can be generated, depending on the slope of the topography. At high Froude numbers (Fr 0 n . 1), in addition to bores and ISWs, strong unsteady lee waves may be formed.
A second Froude number, the wave Froude number Fr n , measures the nonlinearity of the generated internal waves (Staquet and Sommeria 2002) :
where u n is the maximum horizontal current velocity associated with the mode-n internal waves. In this paper, Fr 0 n and Fr n are used, respectively, to describe the generation and nonlinear propagation of multimodal internal waves. The final nondimensional parameter is the relative steepness of the topography g, defined as (Buijsman et al. 2010; Kang 2010) 
where h x is the topographic slope; a is the IWB slope, given by
where s is the wave frequency, f is the Coriolis parameter, and N(z) is the buoyancy frequency. For g . 1, IWBs generated at a supercritical ridge will be directed both upward and downward (Lamb 2004; Nash et al. 2006) . If the topography is subcritical (g , 1), only upward-propagating IWBs can be generated (Balmforth et al. 2002) . For topography with realistic stratification, New and Pingree (1990) found that IWBs that radiated upward and downward from topography could evolve into mode-1 ISWs when they impinged the thermocline. Similarly, Gerkema (2001) and Akylas et al. (2007) concluded that the generation of mode-1 ISWs was due to the scattering and reflecting of IWBs in the pycnocline. Recently, Grisouard et al. (2011) used a fully nonlinear, nonhydrostatic model in an idealized configuration to show how mode-1, mode-2, and mode-3 ISWs could be excited from previously generated IWBs.
c. Structure
The structure of the remainder of the paper is as follows: Section 2 describes the 2.5D model and its parameters. Section 3 analyzes how upper-ocean stratification affects the tidally induced multimodal internal waves. Sensitivity studies and result discussions are presented in sections 4 and 5, respectively. The results are summarized in section 6.
Model description
a. Governing equations for internal waves and choice of the basic parameters Considering a 2.5D (x, z) flow in a continuously stratified ocean, internal waves can be described by four governing Eqs. (5)-(8) (Vlasenko et al. 2005) ,
j 5 c xx 1 c zz ,
with five boundary and initial conditions:
c 5 2zc 0 sin(st)/H 0 , j 5 0,
c5 2zc 0 sin(st)/H 0 , j 5 0,
, and (12)
where j is the vorticity, c is the streamfunction, (u, y, w) is the velocity vector, and the Coriolis parameter f 5 5. are the vertical and horizontal eddy viscosities (diffusivities), respectively; J is the Jacobian operator; and g is the acceleration due to gravity. Here, the sea surface is at z 5 0, s 5 2p/T is the M 2 tidal frequency (T 5 12.42 h), and c 0 is the vertically integrated volume flux for the M 2 barotropic flow. A ridgelike bottom topography is defined by H(x) 5 2[H 0 2 h 0 exp(2x 2 /2W 2 0 )], where H 0 5 200 m is the water depth away from the ridge, W 0 is the width of the ridge, and h 0 5 60 m is the height of the ridge, located at a depth where the stratification does not vary significantly (Fig. 1) . In this study, c 0 is set as 25 m 2 s
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, and W 0 is 2 km unless otherwise stated. The term L is the distance between the model domain boundary and the ridge center, and L is sufficiently large so that the internal wave generation is unaffected by the boundary. Finally, r 0 (z) is the static density, r 0 is the constant average of density, andr is the density disturbance because of wave motion. The seawater density is written as r(z) 5 r 0 (z) 1 r(z). Note that the calculation is 2.5D in the sense that ›(Á)/›y 5 0, and y is present because of the Coriolis force. The governing Eqs. (5)- (13) are solved after making the following coordinate transform:
where s is a dummy vertical integration variable. The transformed equations are solved by using the alternative direction implicit (ADI) method at every temporal semistep. At the first (second) semistep, the differential scheme in the x direction is made implicit (explicit), while that in the y direction is kept explicit (implicit); the details of the ADI method can be found in Kantha and Clayson (2000) . In this study, the model run is implemented with a horizontal spatial resolution Dx 5 25 m to satisfy the horizontal resolution criterion for nonhydrostatic internal wave modeling (Vitousek and Fringer 2011) and with the time step Dt 5 5 s to satisfy the Courant-Friedrichs-Lewy (CFL) condition. The resulting Courant number satisfies C r 5 (c n Dt)/Dx # 0:28 for all of the stratification cases based on the upper limit of the internal wave speeds (below) of all the stratification cases. The total grid number varies from 8000 to 17 200 in different simulation cases, depending on model domain. The number of vertical levels in the computational domain is 50.
b. Density and buoyancy frequency profiles
The upper ocean is generally more stratified than deeper waters (e.g., Levitus 2009 ). Thus, it is reasonable to assume that the strong stratification appears mainly above the ridge crest with which the internal waves interact, as shown in Fig. 1 . In Fig. 1 , D represents the distance between the pycnocline and ridge crest and is set as 75 m. Thus, the pycnocline depth h is 265 m. The stratification is designed based on Xie et al. (2010) :
a wide range of the upper-ocean stratification. A slight adjustment is performed to ensure that all the stratifications are unchanged below the ridge top. In this study, a nondimensional parameter R is introduced to simplify the quantification of stratification. It is defined as R 5 N u /N d and listed in Table 1 , where
represents the averaged stratification above (below) the ridge with S u 5 Ð 0
, denoting the vertical integral of the stratification above (below) the ridge (Fig. 1) . In Fig. 2 The linear long-wave phase speed c n for mode-n internal waves is estimated by solving the eigenvalue equation under the hydrostatic approximation:
For the initial (undisturbed) buoyancy frequency profiles in Fig. 2 , the linear long-wave speeds of the two leading modes c n (n 5 1, 2) are shown in Fig. 3a ; the corresponding tidal Froude numbers Fr 0 n 5 U c /c n for maximum tidal flow U c at the ridge crest are displayed in Fig. 3b . The peak tidal flow is subcritical (supercritical) for linear mode-n waves if Fr 0 n , 1 (Fr 0 n . 1).
Model results and analysis

a. Tidally induced IWBs
Simulated density and horizontal velocity fields are displayed for representative cases N2, N5, and N10 at t 5 3T (Fig. 4) ; characteristic lines computed using Eq. (4) are also shown. (Since the characteristics of internal waves excited on both sides of the ridge are almost the same, only model results on the right side of the ridge are analyzed below.) The simulated IWBs, a superposition of multimodal internal waves (Gerkema and Zimmerman 2008) , are consistent with the characteristic lines estimated from linear theory. At time t 5 3T, the two beams emerge just to the right of the ridge crest, which is different from some observations; for example, Pickering and Alford (2012) observed that IWBs emerged directly above the crest of Kaena Ridge. This shift in beam origin is because of a Doppler shift associated with the oscillatory tidal current; this can be demonstrated by the results for case N11 (Fig. 5) . Simulated density, horizontal velocity fields, and IWBs are shown in Fig. 5 for a tidal period from 2.5T to 3.5T with an interval of 0.25T. Figure 5 reveals that the two IWBs emerge directly above the ridge crest at t 5 2.75T and t 5 3.25T. Because of the Doppler shift from the rightward (leftward) transport of the barotropic tide, the IWBs shift to the right (left) of the ridge crest at t 5 3T (t 5 3.5T). However, the Doppler shift does not alter the slopes of the characteristic lines, which depend primarily on the stratification N u . Only upward-propagating beams are generated in all the numerical results. This occurs because the relative steepness of the topography Eq. (3) for all cases is g 5 0:222 , 1, so the topography is subcritical. content are investigated using the empirical orthogonal functions (EOFs); the EOF method is conventionally used in oceanographic studies to analyze spatialtemporal characteristics of a physical parameter (North et al. 1982) . The method is also used in analyzing internal waves when the normal-mode approach fails (Vazquez et al. 2006; Venayagamoorthy and Fringer 2007) . For each case, we apply the EOF analysis to the vertical velocity in a water column at the horizontal location where the first upward-crossing IWB originating from the ridge reaches the pycnocline depth (z 5 265 m), namely, at the horizontal location of the intersection of the first upward-crossing characteristic line with the depth of z 5 265 m for the time period of t 5 2.5T to 4.5T. In this study, it is found that ISWs are not present in this water column; they only appear after the first upward crossing IWBs are scattered by the pycnocline, as shown in Figs. 4 and 5, so that the EOF analysis results reveal only the characteristics of the linear, multimodal internal waves in the IWBs. The normalized spatial EOF modes of vertical velocity for representative cases N2, N5, and N10 are shown in Fig. 6 ; the EOF spatial structure is qualitatively consistent with the structure of the normal modes. The percentages of the total variance accounted for by the leading six normal modes, determined by the number of zero crossings minus one for R # ;10.0 (i.e., cases N1 to N12), are shown in Fig. 7 . However, the EOF structures for higher stratification cases with R . ;10.0 (i.e., cases N13 to N15) differ from that of normal modes (figure not shown here). For the stratifications with R . ;10.0, the first EOF mode corresponds to the second normal mode, while the second EOF mode corresponds to the first normal mode. The EOF analysis shows that for these stronger stratification cases, the contribution of the first internal mode to the IWBs decreases, while those of the higher internal modes (e.g., mode 2) increase and exceed that of the first internal mode. The variation of multimodal contents derived by the EOF analysis and the tidal Froude number Fr 0 n are useful in understanding the generation of the multimodal internal waves (below).
The stratification below the ridge top is the same in all cases analyzed here. Still, the variation of multimode contents in the IWBs with R shown by the EOF analysis reveals that the generation of the IWBs can be affected by the upper-ocean stratification. This effect can be further explored by using the barotropic-to-baroclinic energy conversion C. The term C is proportional to the product of the barotropic vertical velocity and the baroclinic perturbation pressure evaluated at the bottom boundary (Nash et al. 2006; Buijsman et al. 2012) . The tidally averaged value of C integrated over the domain enclosing the ridge can be written as
where p 0 (z 5 H) is the perturbation pressure at the bottom z 5 H(x), W 5 (›H/›x)U is the barotropically induced depth-integrated vertical velocity, U is the depth mean of u, and h⋯i represents the temporal average over a tidal cycle. The energy conversion C versus R is shown in Fig. 8 for all cases N1 to N15. The barotropic-to-baroclinic energy conversion increases with upper-ocean stratification because the change in the upper-ocean stratification impacts the perturbation pressure p 0 at the bottom. This result implies that the baroclinic energy of the IWBs strengthens as the upper-ocean stratification becomes stronger; therefore, the radiated multimodal internal waves can potentially be affected by the upper-ocean stratification although the stratification is held constant below the ridge top.
b. Characteristics of radiated internal waves
Previous studies have showed that mode-1 ISWs are generated by scattering of IWBs in the pycnocline (e.g., Gerkema 2001; Akylas et al. 2007) . We have shown (in Figs. 4, 5) that mode-2 ISWs may also be scattered and radiated out from tidally excited IWBs, and both the radiated mode-1 and mode-2 ISWs appear mainly after the first upward crossing of the IWBs. We explore, therefore, stratification effects on characteristics and energy partition of the radiated mode-1 and mode-2 internal waves that are excited during the initial tidal cycles and are stable at t 5 3T (Fig. 4) . Note that the first two modes of internal waves excited during the initial tidal cycles have been scattered and radiated out from the IWBs at this moment.
The distances between two successive wave trains for the first-and second-mode waves (labeled as L 1 and L 2 in Fig. 4b ) that reflect the internal wave propagation characteristics can be used as a characteristic horizontal length for internal wave generation and are affected by the stratification. Based on the linear theory (e.g., Llewellyn Smith and Young 2002) , the distances between the two successive wave trains can be expressed approximately as L n 5 (NH 0 /np)T, where N 5 1/H 0 Ð 0 2H 0 N(s) ds. Thus, they are related to variations in phase speed with changing stratification, and the ratio L 2 /L 1 should be 1 /2 for arbitrary stratification. In this study, these simulated distances are plotted versus R in Fig. 9a . Here, the optimum linear fit equations for L 1 and L 2 versus R are L 1 5 1:96R 2 3:85 and L 2 5 0:60R 1 1:50, respectively. Thus, L 1 and L 2 both increase linearly with the stratification above the ridge. Also, the ratio L 2 /L 1 is approximately inversely proportional to the stratification above the ridge (Fig. 9b) . Note that in this study, 0.34 , L 2 /L 1 , 0.46, close to the linear theory result of L 2 /L 1 ; 1/2.
The distance L 1 is used as a length scale for a nondimensional coordinate system that may better specify the internal wave dynamical regimes, as shown in Fig. 10 . Figure 10 reveals that the effect of stratification on the internal waves can be divided into three regimes based on R: Regime I, where R # ;4.0 (cases 1 to 2). In this regime, the tidal Froude number for the mode-1 internal waves is close to 1 (i.e., Fr 0 1 ; 1; Fig. 3b ), so mode-1 ISWs can be generated. However, although the tidal Froude number for mode-2 internal waves is .1 (i.e., Fr 0 2 . 1), only a mode-2 baroclinic tide is generated and no mode-2 ISW appears (Fig. 10b) . While this may seem inconsistent with the tidal Froude number criterion, it occurs because the percentage contribution (Fig. 7) to the IWBs from the mode-2 component is too low to allow the nonlinear evolution of the mode-2 ISWs. Regime II, where ;4.0 # R # ;7.5 (cases 3 to 8). In this regime, both tidal Froude numbers are O(1) (Fr 0 1 ; 1 and Fr 0 2 ; 1; Fig. 3b ), and the percentage contributions from the two internal wave modes are favorable to the formation of mode-1 and mode-2 ISWs (Figs. 10c-e) . However, the mode-1 ISWs are weaker than those in regime I. Mode-1 ISWs gradually weaken with increasing R because Fr 0 1 (Fig. 3b) and the percentage contribution to total internal wave variance from the mode-1 component (Fig. 7) both decrease. As R increases, mode-2 ISWs become more prominent, as implied by the increase of percentage contribution from the mode-2 waves (Fig. 7) . Regime III, where R $ ;7.5 (cases 9 to 15). In this regime, the tidal Froude number for mode-1 internal waves is too small (Fr 0 1 ( 1) to support the evolution of the mode-1 ISWs, although the variance contribution from the mode-1 component is still substantial. This leads to generation of a mode-1 baroclinic tide but not mode-1 ISWs. Mode-2 ISWs still appear in this regime because of the nearly critical tidal Froude number and the high percentage contribution from the mode-2 waves (Fig. 7) , but the strength of the mode-2 ISWs is reduced as Fr 0 2 decreases (Fig. 3b) , similar to that of the situation for mode-1 ISWs in regime II. manner with mode number and R. The maximum horizontal current velocity u n (n 5 1, 2) of the mode-n waves after they are scattered and radiated out from the tidally excited IWBs are shown in Fig. 11a . Here, u 1 appears at the top of the water column, while u 2 appears below the pycnocline; typical examples of the depths of the u n are shown in Fig. 4b . The wave Froude number Fr n from Eq. (2) for the two leading modes of ISWs is then computed FIG. 5 . Simulated density and horizontal velocity fields for stratification N11; IWBs over a tidal period (a)-(e) from t 5 2.5T to t 5 3.5T at intervals of 0.25T are shown. The gray and black dashed curves are the characteristic lines computed from linear theory Eq. (4). The emergence point of the beams shifts with the barotropic tidal currents. Arrows show direction and strength of the barotropic current. The strength of the barotropic current reaches maximum at t 5 2.75T and t 5 3.25T and is zero at t 5 2.5T, 3T, and 3.5T.
(Figs. 11b). As indicated by Fr 1 , the nonlinearity of the mode-1 internal wave decreases with R from a maximum of Fr 1 5 0.325 at R 5 3.1, consistent with the density field disturbance of the mode-1 waves in Fig. 10 . For the mode-2 internal waves, the wave nonlinearity indicated by Fr 2 increases with R up to Fr 2 5 0.46 at R 5 ;7.2. Then, it decreases when R $ ;7.8; however, the maximum isopycnal displacement caused by the mode-2 ISWs decreases less than the Fr 2 (e.g., in Figs. 10f-h; i.e., for ;7.8 # R # ;10.4). This occurs because the wave Froude number reflects primarily the nonlinearity due to the velocity field, and the slight decrease of the maximum isopycnal displacement for ;7.8 # R # ;10.4 actually reflects the variation of the unequal partition between wave kinetic and available potential energies, as investigated in section 3d.
d. Energy relation in the radiated internal waves
A linear wave exhibits an equipartition between kinetic and potential energy as an asymptotic condition. Departures from equipartition have implications for the wave nonlinearity. The baroclinic kinetic and available potential energies of the mode-n (n 5 1, 2) internal waves after they are scattered and radiated out from the tidally excited IWBs are computed over a scale length L n and are given by
and
where E k is the kinetic energy (KE) density, and E a is the available potential energy (APE) density defined as
where z*(x, z, t) is the height of the water parcel at (x, z) at time t in the reference state, and r is the initial undisturbed density (Lamb 2008) . The L n (n 5 1 and 2 for mode-1 and mode-2 waves, respectively) specify the horizontal scale of the radiated linear or nonlinear internal modes. For this study, x 1 5 2L 1 , x 2 5 0.8L 1 , and the L n (n 5 1, 2) versus R are shown in Fig. 9a . The calculated baroclinic energies for all 15 cases are shown in Fig. 12a , in which the baroclinic energies E 1 and E 2 are E 1 5 KE 1 1 APE 1 and E 2 5 KE 2 1 APE 2 , respectively. For the mode-1 internal waves, the highest baroclinic energies appear for R 5 ;6.0 in the middle of regime II; however, the nonlinearity of the mode-1 waves for R 5 ;6.0 (Fig. 11b) is not maximal, reflecting the relatively low tidal Froude number Fr 0 1 (Fig. 3b) and the relatively small percentage contribution to the IWBs from the mode-1 component (Fig. 7) . The nonlinearity (Fr 1 ) of the mode-1 waves for R 5 ;3.9 is higher than that for R 5 ;6.0 (Fig. 11b) , but their baroclinic energies are weaker. This is because the horizontal range L 1 is proportional to the stratification and the stratification is weaker for R 5 ;3.9 (relative to R 5 6.0), leading to a smaller integral length for the baroclinic energy. For mode-2 internal waves, the largest baroclinic energies appear for R 5 ;10.4 because of the stratification effect on the integral length L 2 , while Fr 2 is maximal at R 5 6.8. These results show that the baroclinic energies of the radiated internal modes may be high, even when the stratification is not favorable to the generation of strong nonlinearity. Conversely, the stratification suitable for the generation of the most highly nonlinear internal waves does not maximize the baroclinic energy of the generated internal waves.
FIG. 10. The simulated density fields for the cases N1-N3, N5, N7, N9, N11, N13, and N15 at t 5 3T within a nondimensional horizontal distance of x/L 1 5 3.2 from the ridge.
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A further question regarding the baroclinic energy is how the partition between KE n and APE n (n 5 1, 2) is affected by the stratification. Classical linear and weakly nonlinear theories predict that the energy in a wave train is equally distributed between kinetic and available potential components, but under a fully nonlinear theory (Turkington et al. 1991; Lamb and Nguyen 2009) , the kinetic energy is always greater than the available potential energy. Our results show that KE n /APE n . 1 for modes 1 and 2, in agreement with the theory (Fig. 12b) . For the mode-1 internal waves, KE 1 /APE 1 decreases with R because the nonlinearity of the mode-1 waves (Fig. 11b) decreases with the stratification. In contrast, KE 2 /APE 2 for the mode-2 internal waves exhibits a complicated pattern. Its maximum is ,1.1 in regime II, but it increases rapidly with R in regime III. This implies that more baroclinic energy of the mode-2 ISWs remains in the form of KE 2 in regime III because the stratification damps the perturbation of the density field and reduces APE 2 in the mode-2 ISWs. For shorewardpropagating mode-2 ISWs, Shroyer et al. (2010) showed that the ratio is initially ;1 and reaches ;3 after the emergence of short mode-1 linear wave tails. Our results indicate that the KE 2 for the mode-2 ISWs is about 25% higher than the APE 2 . This result is comparable to 30% for the mode-1 ISWs estimated by Lamb and Nguyen (2009) .
The baroclinic energy radiated in half a tidal period by modes 1 and 2 together (as E 5 E 1 1 E 2 ) is shown in Fig. 12c , which reveals that the baroclinic energy is maximal at R 5 ;6.0. Thus, based on Figs. 10 and 11a, the baroclinic energy can be radiated out more efficiently if the stratification is favorable for the formation of both internal modes. The ratio of E 1 to E 2 (Fig. 12d) shows that the baroclinic energy of the mode-1 internal waves (E 1 ) is greater than that of the mode-2 waves (E 2 ), implying that the radiated baroclinic energy is mainly carried by the mode-1 internal waves, not by the mode-2 internal waves that are prominent in some field observations, even though the mode-2 waves may be more nonlinear. Figure 10 shows that the density disturbances of the mode-1 internal waves in strong stratification cases (e.g., Figs. 10h,i; i.e., for R $ ;10.4) are hardly discernible, although the total energy of the mode-1 internal waves is higher than that of the mode-2 waves. This can be clarified in terms of the spatially averaged energy. The averaged baroclinic kinetic KE n and available potential APE n energies averaged over length scale L n are defined as
The total averaged energy is given by
The ratio of E 1 to E 2 is shown in Fig. 13 . In contrast to the ratio of E 1 to E 2 , E 1 is less than E 2 when R is high (e.g., R . 8.3 for W 0 5 2 km). Figure 13 shows that the difficulty in discerning the density disturbance of the mode-1 internal waves in strong stratification cases is due to the increase of the horizontal scale of the mode-1
FIG. 11. (a)
The wave-induced maximum current u n and (b) the wave Froude number Fr n for mode-1 (circle) and mode-2 ISWs (dot).
waves, which causes the spatially averaged energy to decrease. This also suggests that the spatially averaged baroclinic energy can be used to characterize the density disturbance for different internal modes. On the other hand, the total radiated baroclinic energy calculated from Eqs. (18) and (19) may still be dominated by the mode-1 internal wave, even though it is hardly discernible in the density field in strong stratification cases.
Sensitivity analysis
The above analyses of stratification effects on tidally induced multimodal internal waves assume that background parameters are held constant. Here, we investigate the sensitivity of internal waves and ISWs to three key background parameters: the tidal forcing, the relative steepness of the ridge, and the depth of the pycnocline.
a. Tidal flux
The tidal Froude number Fr 0 n varies with tidal flux c 0 for all the stratification conditions, and it is helpful to know which wave properties are affected. For all 15 cases N1 to N15, the tidal flux c 0 was varied from 5 to 35 m 2 s
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. Some wave properties [e.g., the route of IWBs, the percentage contribution to the total variance from each mode, and the characteristic distances (L n ) of the radiated internal waves] are independent of the tidal flux. Accordingly, the numerical results show that they are basically unchanged with different tidal fluxes (results not shown).
The wave nonlinearity parameter Fr n does, however, vary with the tidal flux c 0 . Stratification cases N1 FIG. 12. Baroclinic energy parameters integrated over the wavelength for mode-n (n 5 1, 2) internal wave trains: (a) kinetic energy KE n , available potential energy APE n , and the total energy E n 5 KE n 1 APE n ; (b) the ratio of kinetic to the available potential energy KE n /APE n ; (c) total energy of the mode-1 and mode-2 waves E 1 1 E 2 ; and (d) energy ratio E 1 /E 2 .
(regime I), N8 (regime II), and N15 (regime III) are chosen for analysis. Figures 14a and 14b illustrate, respectively, Fr 1 for stratification cases N1 and N8 and Fr 2 for N8 and N15 versus c 0 . The nonlinearity of both the mode-1 and mode-2 internal waves increases with the tidal flux for all three stratification regimes, but the sensitivity to c 0 depends on the stratification case.
The sensitivity of KE 1 /APE 1 and KE 2 /APE 2 to the tidal flux is shown in Figs. 15a and 15c , respectively. The KE 1 /APE 1 for case N8 increases with the tidal flux because of the increasing internal wave nonlinearity, while for case N1 the ratio increases with the tidal flux only up to c 0 5 27.5 m 2 s 21 (Fig. 15a) . Figure 15b shows KE 1 /APE 1 versus Fr 1 for the two stratification cases (N1 and N8). The two curves almost coincide, suggesting that the wave nonlinearity is more important than stratification in controlling the partition between KE and APE. For case N1, KE 1 /APE 1 increases with Fr 1 initially; however, when the wave nonlinearity parameter Fr 1 reaches a critical value at about Fr c 1 5 0.35, KE 1 /APE 1 begins to decrease. For case N8, the wave Froude number is always ,Fr c 1 , so KE 1 /APE 1 increases monotonically with Fr 1 . For mode-2 waves, the effect of wave nonlinearity on the energy partition is similar to that for mode-1 waves, as shown in Figs. 15c and 15d (N8 and N15). The critical Froude number Fr c 2 is again ;0.35. Thus, for both mode-1 and mode-2 waves, the ratio of KE n /APE n is mainly affected by the wave nonlinearity, which decreases with the wave Froude number if Fr n is greater than the critical value. In agreement with these simulations, the observations by Scotti et al. (2006) and simulations by Shen et al. (2009) also showed that KE 1 /APE 1 for shoaling ISWs decreased with the wave nonlinearity above a critical wave Froude number (Staquet and Sommeria 2002) .
The ratio of E 1 to E 2 is not very sensitive to c 0 , and this is consistent with a theoretical prediction (Llewellyn Smith and Young 2002) , which suggests that the FIG. 13 . The ratio of kinetic to available potential energy averaged over the wavelength for three ridge widths: W 0 5 1 km (square), W 0 5 2 km (circle), and W 0 5 4 km (triangle).
FIG. 14. The Fr n (n 5 1, 2) vs tidal flux c 0 for stratifications N1 (circle), N8 (solid circle), and N15 (square). Note that for cases N1 and N15, only one mode exists.
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converted energy flux to mode-n internal waves from the barotropic tide is proportional to U 2 0 , which is constant. Thus the energy ratio of E 1 to E 2 should be independent of the tidal forcing.
b. Ridge relative steepness
Previous studies have shown that multimodal internal waves can be generated by near-critical and supercritical topography (Vlasenko et al. 2005; Llewellyn Smith and Young 2003) . Here, we show that they can also be excited by subcritical ridge topography. To demonstrate the importance of the form of the subcritical topography, two additional subcritical topography sensitivity cases were implemented for all 15 stratification cases. This was carried out by adjusting the width of the ridge W 0 to 1 and 4 km instead of 2 km. These widths yield subcritical topography for all 15 stratification cases, with g 5 0.443 (W 0 5 1 km) and g 5 0.111 (W 0 5 4 km); note that g 5 0.222 for W 0 5 2 km (case TS1). As g suggests, the effect of stratification on the generation of multimodal internal waves is related to the steepness of the topography and is reflected by the ratio of E 1 /E 2 . The 
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E 1 /E 2 ratios for g 5 0.443 (W 0 5 1 km) and g 5 0.111 (W 0 5 4 km) are shown in Fig. 13 . Figure 13 reveals that mode-2 waves are radiated over steep topography for a wide range of stratification, but over gentle topography (with small g) the mode-2 waves can only be radiated for stratification with large values of R.
It is also useful to determine what happens when the ridge crest approaches a critical slope and becomes supercritical. With the smaller ridge width W 0 and the same stratification as in case N6 (i.e., R 5 6.0), a sensitivity analysis is performed for near-critical and supercritical slopes, as shown in Table 2 for cases TW1-TW8. Figure 16 shows the velocity and density fields for cases TW1 (Fig. 16a), TW3 (Fig. 16b), TW5 (Fig. 16c) , and TW7 (Fig. 16d) and indicates that the beams become narrower with more multimode internal waves generated over the near-critical and supercritical topography than over the subcritical topography. For stratification case N6 (i.e., R 5 6.0), the nonlinearity of both mode-1 and model-2 ISWs decreases with g, while the mode-2 wave nonlinearity is higher than that of the model-1 waves for a wide range of relative ridge steepness (Table 2 ). Figure 17 further shows a zoomed-in region over the ridge crest (i.e., 25 km # x # 5 km) for the four cases in Fig. 16 . To analyze the results near the ridge crest region, the inner Froude number Fr t and the inner excursion parameter « are used, as defined by Winters and Armi (2013) and Legg and Klymak (2008) :
and Table 2 . The blocking effect is discernible from the isopycnal disturbance at depth z 5 ;2150 m, and the isopycnal is almost completely blocked in Fig. 17d , which suggests that the blocking effect on the upstream denser water is stronger as the ridge becomes narrower, even for a moderate Fr t . Because of the instability and distortion of the upward-propagating IWBs generated over a narrow ridge (Baines 1977; Klymak et al. 2010) , the upstream density and velocity fields take on a complex structure, especially for the near-critical cases (e.g., the case TW3 in Fig. 17b ). Figure 3b emphasizes that smaller values of stratification parameter R lead to larger tidal Froude numbers Fr 0 n , with possible consequences for lee-wave generation. For instance, if R , ;6.7, the Fr 0 2 is .1 or ;1; no obvious internal lee waves are found over subcritical topography (Figs. 10a-e) because the contribution (Fig. 7 ) from mode-2 and other higher-mode components to the IWBs are too low. However, for R 5 6.0, Fig. 17 shows that obvious lee waves can be generated over the critical and supercritical topographies because of the high contribution from the higher-mode components to the tidally excited IWBs. This phenomenon, which appears downstream on the lee side of a ridge and is similar to an internal hydraulic jump or the strongly nonlinear quasistationary lee wave (Legg and Klymak 2008) , is more Fig. 16 , but in a short region near ridge crest 25 km # x # 5 km. An example of the dh is shown in (c).
obvious as the ridge becomes narrower, as shown in Figs. 17b-d. As suggested by Legg and Klymak (2008) , we use the maximum displacement of the isopycnal at depth z 5 ;2110 m, dh, to scale the magnitude of the internal hydraulic jump (an example of the measured dh is shown in Fig. 17c) . Here, the isopycnal at depth z 5 ;2110 m is only partially blocked. Figure 18 shows the nondimensional internal hydraulic jump [defined as the ratio of dh to the vertical displacement scale U c /N c (5 67.4 m)] versus the inner excursion parameter « and reveals that the magnitude of the internal hydraulic jump increases with the inner excursion parameter. A constant dhN c /U c ('0.85) is achieved when the inner excursion parameter increases up to ;3.
c. Pycnocline depth
It is also useful to explore the sensitivity of internal wave generation to a wide range of pycnocline depth, as shown in cases ND1-ND11 (Fig. 19) by modifying the pycnocline depth h from 5 to 2170 m based on stratification case N6 (i.e., R 5 6.0). Note that case ND1 with h 5 5 m does not have an obvious pycnocline, and the stratification strengthens monotonically toward the surface. The stratification in case ND5 with h 5 265 m is the same as that in case N6, and at the other extreme, the pycnocline in case ND7 is at middepth with h 5 2100 m. The velocity and density fields of six cases (ND1, ND3, ND5, ND7, ND8, and ND10) are shown in Fig. 20 , which reveals that high-frequency mode-1 (mode 2) wave trains appear more easily as the pycnocline is located farther away from (closer to) the middepth of the water. In particular, when the stratification does not have an obvious pycnocline such as case ND1 (Fig. 20a) , high-frequency mode-2 wave trains disappear. The characteristic distances L 1 and L 2 of radiated mode-1 and mode-2 internal waves versus the pycnocline depth h are illustrated in Fig. 21a , which shows that both L 1 and L 2 gradually increase as the pycnocline moves toward middepth. When the pycnocline is above middepth, mode-1 ISWs of depression are excited (Figs. 20a-c) ; on the contrary, when the pycnocline is below middepth, mode-1 ISWs of elevation are generated (Figs. 20e,f) . As mentioned in section 4a, the wave nonlinearity is a determinant factor in controlling the partition between KE and APE; thus, it is of great significance to clarify how the wave nonlinearity parameter Fr n of the radiated mode-1 and mode-2 internal waves vary with the pycnocline depth h. As revealed in Fig. 21b , the nonlinearity of the excited mode-1 internal waves tends to increase if the pycnocline moves toward the sea surface or the water bottom, and the nonlinearity of the excited mode-2 internal waves increases if the pycnocline approaches the middepth.
Further, when the pycnocline deepens below the ridge top, the buoyancy frequency at the ridge crest N c increases and the inner Froude number Fr t decreases. Thus, the blocking effect near the ridge crest region in Fig. 20 is much more significant. Meanwhile, because of the decreasing outer Froude number Fr 0 for the deep pycnocline, the inner excursion parameter « increases, so that downstream, as shown in Fig. 20 , the internal hydraulic jumps become stronger as the pycnocline 
moves toward the water bottom and is below the ridge top.
Discussion
The topography of the Luzon Strait (LS) in the South China Sea (SCS) displays the double-ridge characteristics, which includes the east Lan-Yu Ridge (LR) and the west Heng-Chun Ridge (HR) (Cai et al. 2012; Buijsman et al. 2012 ). The topography of sections A (20805 0 N), B (21820 0 N), and C (20830 0 N) (Fig. 22a ) across the LS with six ridges is shown in Fig. 22b . The summer stratification (Fig. 22c) near the LS from Levitus (2009) is chosen to define the relative steepness of the six ridges (Table 3) . In section C, the relative steepness g of the west (lowest) ridge C HR is ,0.1, and therefore the topography in this section can be regarded as having a single ridge C LR . For ridges A HR and B LR , results of this study suggest that both ridges may play an important role in generation of multimodal internal waves when the strength of the upper-ocean stratification is strong, even though the relative steepness is ,1.
Remote sensing and in situ observations show that mode-1 and mode-2 ISWs exist in the continental shelf region of the northern SCS and vary with upper-ocean stratification (Zheng et al. 2007; Yang et al. 2009 ). It is found that summer, when pycnocline depth is shallow, is the most favorable season for the generation of mode-1 ISWs, while the winter season, with a deep pycnocline depth, is most favorable for generation of mode-2 ISWs. This seasonal variation of the mode-1 and mode-2 ISWs resulting from the pycnocline depth change in the continental shelf region of the northern SCS is consistent with the sensitivity analysis result in section 4c. However, strong mode-2 ISWs have also been observed near the source site in the LS during summer, during periods when upper-ocean stratification is strong and shallow (Ramp et al. 2012 ). These observations imply that mode-2 internal waves can appear during periods of strong stratification, which validates the results of this modeling study that the moderate and strong upperocean stratification is also favorable for the generation of the mode-2 ISWs.
Conclusions
A 2.5-dimensional nonhydrostatic model with an adjustable vertical resolution was developed to investigate the effects of the stratification in the upper ocean on multimodal internal waves generated by tidal flow over a subcritical ridge, where only upward-propagating IWBs are present. Propagation routes of the simulated IWBs are in good agreement with calculated characteristic lines.
One important result of this study is that stratification effects on internal waves can be described in terms of three upper-ocean stratification regimes as weak, moderate, and strong. Under weak stratification (R # ;4.0), weak IWBs with #2 modes are excited, and the mode-1 component is dominant. For moderate stratification (;4.0 # R # ;7.5), IWBs of moderate strength and consisting of 2-4 modes can be generated; the percentage contribution from the mode-2 component is comparable to the mode-1 waves. In strong stratification (R $ ;7.5), strong IWBs of five or more modes can be generated; however, the tidal Froude number is too small to support evolution of the mode-1 ISWs, so that only the mode-1 baroclinic tide can be excited. In a moderately stratified upper ocean, both mode-1 and mode-2 ISWs can be produced efficiently.
The distances between the two successive wave trains, L 1 and L 2 (respectively) for mode-1 and mode-2 internal FIG. 21. (a) The distances between two successive wave trains L n and (b) the wave Froude number Fr n vs pycnocline depth h for mode-1 (circle) and mode-2 ISWs (dot).
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waves, increase linearly with the stratification above the ridge. Model results predict that the baroclinic energies of the radiated mode-n (n 5 1, 2) internal wave E n are high for certain values of the stratification parameter R, specifically for R 5 ;6.0 for the mode-1 waves and for R 5 ;10.4 for mode-2 waves. The radiated baroclinic energy may still be dominated by the mode-1 internal wave, although the mode-2 internal waves are obvious visually, while the mode-1 waves are hardly discernable. An important contribution of this study is to define ISW mode structure relative to upper-ocean stratification and other parameters. The spatial structure of the IWBs generated at a subcritical ridge is not so sensitive to the tidal flux c 0 , whereas the internal wave nonlinearity and energy partition are both affected by c 0 . As the topography becomes steeper (i.e., as g increases), IWBs display more multimodal characteristics, and mode-2 waves are radiated over steep topography for a wide range of stratification, but are only radiated over gentle topography (small g) for strong stratification with large R. Topography-generated multimodal internal waves are sensitive to not only the pycnocline depth but also the upper-ocean stratification strength. Subcritical ridges also exist in the LS of the northern SCS. This study implies that they may play an important role in the generation of multimodal internal waves in the LS during summer when the strength of the upper-ocean stratification is strong. 
